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Fractional Calculus—A Different Approach to the Analysis
of Viscoelastically Damped Structures
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Fractional calculus is used to construct stress-strain relationships for viscoelastic materials. These relation-
ships are used in the finite element analysis of viscoelastically damped structures and closed-form solutions to
the equations of motion are found. The attractive feature of this approach is that very few empirical parameters
are required to model the viscoelastic material and calculate the response of the structure for general loading
conditions.

Nomenclature
{ M }T = column vector, row vector
< > = argument of operator
[ ] = square matrix
A = bar area, example
As = area of shear pad, example
b = model parameter
c = time-scaling factor, example
[C] = damping matrix
Da = fractional derivative of order a
E = bar modulus, example

= column vector of applied forces
= Laplace transform of force vector

[K] = stiffness matrix
L =bar length, example
[M] = mass matrix
nij = modal constant
s = Laplace parameter
t =time
tf = thickness of shear pad, example
{x ( t ) } = column vector of nodal displacement

= transform of displacement vector
= column vector of displacements for im-

pulsive loading
=r transform of displacement vector for

impulsive loading
a,P = model parameters
e(t) = strain history
e*(s),e*(/co) = Laplace and Fourier transforms of the

strain history
\n •= nth eigenvalue
fjL*(s)tn*(iw) = Laplace and Fourier transforms of the

shear relaxation modulus
p = bar density, example
a(t) = stress history

= Laplace and Fourier transforms of the
stress history '

= dimensionless time, example; also, dummy
variable
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{<t>n } = nth mode shape
w = frequency
( ~ ) = associated With the expanded equations of

motion

Introduction

THE successful determination of the responses of a
viscoelastically damped structure to prescribed loading

time histories hinges on the successful solution of two
problems. The first problem is that of describing the
viscoelastic material's mechanical properties in a mathemati-
cally rational manner that enhances the prospects of suc-
cessfully attacking the second problem—solving the resulting
equations of motion for the structure.

Fractional derivative stress-strain constitutive relationships
for viscoelastic solids not only describe the mechanical
properties of some materials, but lead to closed-form
solutions of the finite element equations of motion for
viscoelastically damped structures.1 We will present the basic
form of a fractional derivative model for a viscoelastic
material and then outline construction and solution of the
resulting finite element equations of motion.

Previous attempts to describe the mechanical properties of
viscoelastic solids have suffered because the mathematical
models describing the behavior of these materials have not
been clearly linked to the physical principles involved. The
engineer has been forced to adopt phenomenological (em-
pirical) approaches to describe mechanical properties of these
materials. Some of the more popular approaches are a
complex constant as material modulus, numerical methods in
the transform domain, and the standard linear viscoelastic
model presented in textbooks.

The simplest of these approaches is using a complex
constant as the material modulus. This approach is motivated
by observing the relationship between sinusoidal stress and
sinusoidal strain in viscoelastic materials. The strain lags the
stress and the imaginary part of the complex constant
adequately describes this phenomenon. The limitation of this
approach is that it is restricted to sinusoidal motion of the
material. Crandall has shown2 that application of this method
to the general motion of the material leads to serious
mathematical problems.

The use of numerical methods in the transform domain to
describe the frequency-dependent mechanical properties of
viscoelastic materials is cumbersome at best. The major
drawback is the substantial effort required to calculate
numerically the transform inversion integral for every point in
time at which the response of the structure is needed.
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The standard linear viscoelastic model, a series of
derivatives acting on the stress fields related to a series of time
derivatives on the strain fields

a(0 +bD*(a(t) > =E0e(t) +E1Da-<e(t) >

The fractional derivatives are defined by
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(3)

(1)

is also cumbersome to use. For viscoelastic materials having
mechanical properties that are strongly frequency dependent
over many decades of frequency, the number of time
derivatives, M and TV, in the series is large. Consequently the
number of empirical parameters in the model is large. As a
result, the model is time consuming to manipulate and, when
put into the equations of motion, produces high-order dif-
ferential equations. The results are that considerable effort
must be expended to obtain the eigenvalues (resonances) and
eigenvectors (mode shapes) of the equations of motion.

We will show that the formulation of the equations of
motion using derivatives of fractional order also produces
higher order matrix equations to solve. However, our frac-
tional derivative model of the frequency-dependent
mechanical properties typically requires only five empirical
parameters. This is fewer parameters than are usually
required with the corresponding standard linear viscoelastic
model. We believe that relatively few empirical parameters
are required in the fractional derivative models because they
are consistent with the physical principles involved. Con-
sequently, we feel that fractional derivative models are at-
tractive as a tool of engineering analysis.

The Fractional Derivative Viscoelastic Model
Early observations of the mechanical properties of

viscoelastic materials by Nutting indicated that the stress
relaxation phenomenon appeared to be proportional to time
raised to fractional powers.3 Later observations by Gemant
showed that the frequency dependence of the mechanical
properties varies as frequency raised to fractional powers, and
he suggested that differentials of fractional order be used to
model materials.4'5 More recently, Scoft-Blair proposed that
fractional derivatives could be used to relate time-dependent
stress and strain in viscoelastic materials.6 Scott-Blair's use of
fractional calculus simultaneously modeled the observations
of Nutting and Gemant. Fifteen years ago, Caputo in-
dependently echoed Scott-Blair's observations on the use of
fractional calculus. Caputo used fractional derivatives to
model the behavior of viscoelastic geological strata.7'8 In
addition, Caputo and Minardi concluded from experimental
observations that fractional derivative relationships were
valid for some metals and glasses.9

The fractional derivative model put forward here is a
generalization of both Caputo's and Scott-Blair's models.
This modified model is based on the observed mechanical
behavior of 30 materials (elastomers and glassy enamels).10 It
is important to note that fractional derivative relationships,
derived from first principles,11 for uncrosslinked polymer
solids are almost identical in form to Scott-Blair's model and
to the model presented here.

The general form of our fractional derivative viscoelastic
modelis

(2)

where the time-dependent stress fields are related to time-
dependent strain fields through series of derivatives of
fractional order. Experimental observations indicate that
many viscoelastic materials can be modeled by retaining only
the first fractional derivative term in each series in Eq. (2).
The result is a viscoelastic model with five parameters, b, E0,
EI} a, and/3.

This fractional derivative operator has the property in the
Laplace transform domain

(5)

that the transform of the fractional derivative of x(f) is equal
to 5" times the transform of x(t). This property can be
demonstrated by taking the Laplace transform of Eq. (4),

= x(t)e~stdt
JO

(6)

of Eq. (4), a relationship similar to Eq. (5) results.

A similar relationship exists in the Fourier transform domain.
By taking the Fourier transform,

(7)

(8)

The Fourier transform of the fractional derivative of order a.
of x(t) is ( /w) a- times the Fourier transform ofx(t). Taking the
Fourier transform of the five parameter viscoelastic model,
Eq. (3), yields

(9)

where a*(/co) and e*(/co) are the transform of the stress and
strain histories, respectively. Factoring and dividing terms in
this operation produces

(10)

The model suggests that the frequency dependent modulus is a
function of fractional powers of frequency. This is consistent
with the observation of Gemant alluded to earlier.

The five parameters are determined by a least squares fit of
this model to the frequency-dependent mechanical properties
of the material. Such fits have been obtained for several
materials. Figure 1 demonstrates the excellent agreement
between the model and the mechanical properties at 550°C of
a Corning glass doped with oxides of aluminum, sodium, and
cobalt (7.5% A12O3, 3% Na2O, 1% Co2O3). The parameters
of the model are

JE0 = 4.15x'109N/m2

'7 = 1.09xio11N-(s)0-641/m2

6 = 3.50(s)°-631

a = 0.641

0 = 0.631

(11)

(12)

(13)

(14)

(15)

These results are typical. The five parameters consistently
describe two high-order curves simultaneously. In many
cases, taking a = /3 produces a very satisfactory fit. Data given.
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Fig. 1 Mechanical properties of Corning 10.

in Fig. 1 were obtained12 for a range of temperatures and
frequencies and reduced to a single temperature through the
reduced frequency procedure.13 These data and curves
describe the same material at 610 °C if the frequency is
multiplied by IO2, at 690°C if the frequency is multiplied by
IO4, and at 840 °C if the frequency is multiplied by IO6.

The following section is an outline of the construction and
solution of the finite element equations of motion for
viscoelastically damped structures when Eq. (3) is used to
model the damping material/The Laplace transform is used in
this development. Before proceeding it is useful to present the
relationship between the transform of stress a*(s) and strain
e*(s) for the five parameter model,

(16)

formulation of the stiffness matrices for the finite element in
the viscoelastic regions of the structure, however, must be,
limited to those methods that do not constrain the stresses in
each finite element to be in equilibrium with the forces at the
nodes of the element. This restriction is generated by,the
requirement that viscoelastic stresses be dependent on strain-
time histories. Finite element methods constraining stresses
within an element to be in equilibrium with the nodal forces,
e.g., assumed stress methods, are not consistent with the
assumption that stresses be dependent on the local strain
history.14 Consequently, assumed displacement methods for
constructing viscoelastic finite element stiffness matrices are
used in formulating the equations of motion.

The stiffness matrix of a viscoelastic finite element is
constructed using the elastic-viscoelastic correspondence
principle.15 The stiffness matrix is first formulated as though
the material were elastic. The element stiffness matrix is then
separated into two matrices, one containing those terms
proportional to the Lame* constant X and the other containing
those terms proportional to the Lame* constant /*,

(19)

At this point the transforms of the viscoelastic moduli, JJL*(s)
and X*(s), are substituted in place of the Lame* constants.
Since this development is limited to the consideration of
uniform, uniaxial shear strain, the viscoelastic stiffness
matrix takes the form

Substituting the five parameter model for IJL*(S) [Eq. (18)]
into Eq. (20) produces

or

where

(17)

(18)

This modulus is used to construct the stiffness matrices of the
viscoelastic elements in the damped structure.

To this point, only a one-dimensional or uniaxial stress-
strain relationship has been described. However, the frac-
tional calculus does not suffer from such a limitation. The
presentation of a complete three-dimensional relationship is
given in Ref. 1. Also presented in Ref. 1 is a complete
derivation of the finite element equations of motion for
structures damped with multiple viscoelastic materials. What
follows here is an outline of this derivation. It is assumed, for
the sake of simplicity in notation, that a single viscoelastic
material undergoing uniform, uniaxial stress (strain) is used
to damp the structure.

The Construction and Solution
of the Equations of Motion

Having made several observations about fractional
derivative material models, it is appropriate to present the
method used in the analysis of viscoelastically damped
structures. Because of its popularity and the flexibility it
affords in the analyses of structures of engineering interest,
the following discussion is presented in terms of a finite
element formulation. Use of the fractional calculus model is,
of course, not limited to finite element applications.

The cornerstone of any finite element approach is the
construction of the stiffness matrices for each of the finite
elements in the structure. Normally, the stiffness matrix for
each elastic finite element is constructed by using assumed
displacement methods or assumed stress methods. The

(21)

At this point the stiffness matrices for both the elastic and
viscoelastic finite elements in the structure are used to con-
struct the stiffness matrix of the total structure in the
traditional manner. The resulting stiffness matrix differs
from conventional stiffness matrices in that some matrix
elements are functions of the Laplace parameter s. The
resulting equations of motion for the total structure in the
transform domain are

s2 [M] {X(s)} + (K(s) ] (X(s) } = (F(s) (22)

Since the stiffness matrix contains functions of the Laplace
parameter, it is clear that conventional techniques for
decoupling the equations of motion do not apply. Con-
sequently, a different approach for decoupling the equations
of motion is adopted.

The method used is similar to the method developed by
Foss16 for decoupling the equations of motion having non-
proportional viscous damping, i.e., a damping matrix not a
linear combination of the mass and stiffness matrices. Those
equations are

[M] [ x ( t ) } + [C] ( x ( t ) } + [K] (x(t) } = i f ( t ) } (23)

These equations of motion are posed in the form

^llf All r ~M! ° if * i_
c JUlTL o !^Ji7J~

(24)

where the top set of partitioned matrix equations is satisfied
identically and the lower set of matrix equations is the original
equations of motion [Eq. (23)]. The efficacy of this approach
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is that an orthogonal transformation can be found that
diagonalizes the two real, square, symmetric matrices in Eq.
(24), while obtaining an orthogonal transformation for the
original equations [Eq. (23)] is usually not possible.

To put the equations of motion of our viscoelastically
damped structure into a form similar to Eq. (24), we multiply
the equations of motion by the denominator of /**(?), which is
(1 + bs13). Next we segregate matrix elements of the equation
of motion into matrices having common powers of the
Laplace parameter. The resulting form of the equations of
motion is

+s2 [M] +s"E][K]]+seb[K2.] + [K3] ]

(25)

where the terms involving [Kj ] through [K3 ] are the stiff-
ness matrix in Eq. (22) multiplied by (I + bs$).

The next step is to identify the smallest common
denominator of the fractions a and 0, referred to as m.
Having obtained m, the left side of Eq. (25) is expressed as a
matrix sum and the equations of motion take the form

[Aj] (si"»X(s)} = (1 + bs?) (F(s)} (26)
j=o

Clearly, some of the matrices [Aj] will be zero, and the
nonzero [Aj] come from [M] and [Kj] through [K3] inEq.
(25). Note that /= m(2 + 0).

The problem now is how to pose the equations of motion in
terms of two real, square, symmetric matrices for which we
can obtain an orthogonal transformation and decouple the
equations of motion. The answer is to cast the equations of
motion in the following format:

(27)

[0] [0]

[0] [0]

[0] [Aj]

[Aj] [ A j . , ]

[0] [Aj] • [A3] [A2]

[Aj] [ A j _ , ] • [A2] [ A , ]

(28)

[*] =

[0]

[0]

[0]

[-AJ]
[0]

[0]

[0]

[0]

l-Aj.,}

[0]

[0] [-Aj] [0]

[-AJ] [-AJ-,] [0]
[-A,,] [-A,2] (0}

[0]

[-A2] (0}

[0] [A0]

(29)

r (J-l)lm

( J - 2 / m )

(30)

[ 0 ]

{ 0 }

{ 0 }

(31)

Notice that the two large matrices are real, square, and
symmetric because the submatrices [Aj ] are themselves real,
square, and symmetric. Also note that the lowest set of
partitioned matrix equations are the equations of motion for
the structure [Eq. (26)] and all of the upper sets of matrix
equations are satisfied identically.

This expanded form of the equations of motion differs
from Eq. (24) in that the equations are posed in the transform
domain, but the fractional powers of s in the submatrices of
the column matrices correspond to derivatives of fractional
order. Equation (27) may be returned to the time domain, or
Eq. (24) brought to the transform domain. The major dif-
ference, then, between Eq. (27), the expanded equations of
motion, and Eq. (24) is that the latter are posed in terms of
derivatives of integer order.

It is clear that the order of the expanded equations for
structures of engineering interest could be very large and the
size of the matrices prohibitive to manipulate even on the
electronic computer. However, this does not diminish the
value of the expanded equations of motion for the orthogonal
transformation decoupling the expanded equations of motion
can be constructed and the decoupling procedure ac-
complished without directly using the expanded equations of
motion.1

The orthogonal transformation for the expanded equation
is constructed using homogeneous solutions for the original
equations of motion [Eq. (25)]. These solutions satisfy the
equation

2
ri

m [M]

(32)

which is the homogeneous form of Eq. (25). The eigenvalues
\n and the eigenvectors (0^ ) for this equation can be found
using matrix iteration techniques similar to those commonly
used for finding mode shapes and resonant frequencies for
undamped structures.1

Given that the expanded equations of motion can be
decoupled using constructions based on homogeneous
solutions to Eq. (25), it is appropriate to present the general
form of the solution to the expanded equations of motion,1

(33)

This solution is the transform of the structural displacement
time histories [X(s)} in terms of the transforms of the applied
loads (F(s)} . {0J and \n are the solutions to Eq. (32),
(1 + bs13) is the dominator of n*(s), and TV is the order of the
matrices [M] and [K] in the expanded equations of motion.
mn is a modal constant, similar in form to a modal mass, and
is defined as

(34)

where {4>n } is the nth eigenvector of the expanded equations
of motion. [4>n] is constructed from \n and { < / > „ ) , the
solutions to Eq. (32).

Having presented the transform of the structural response,
the next issue to be confronted is the existence of the inverse
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transform of the structural response, namely the existence of
the time history of the motion of the modes of the finite
element model. We are particularly interested in the structural
response for impulsive loading, i.e., when the applied forces
are equal to the Dirac delta function. Observing that the
transform of the delta function is one, the transform of the
impulse response is

(35)mtt(s'"»-\n)

The inverse transform of { X(s)}, [x^t)}, exists and is real,
continuous, and causal when 1) '(X(s)} is analytic for
Re(s)>0, 2) (X(s)] is real for s real and positive, and 3)
(X(s)} is order s~7, where y> 1, for Is I large in the right half
s plane. The proof that these three conditions are met is
straightforward.1

Consequently, the time-dependent response of the structure
to impulse loading, exists and is real, continuous, and causal.
Using contour integration and the residue theorem to
determine the form of the impulse response produces

{*(0}= - W{ (X(re-i*)]e-rtdr\
7T \J0 /

nii
(36)

The essential details of the process used in passing from Eq.
(35) to Eq. (36) are given in the Appendix.

Note that the response of the structure has two parts, one
part being a sum of decaying sinusoids and the other an in-
tegral that decreases with increasing time. The integral does
not decrease exponentially. In fact, the integral is asymptotic
to t~i for large /, where rj is greater than one. Therefore, the
integral dominates the response for a time long after the
loading. This component of the response describes the
nonoscillatory return of the structure to its unloaded
equilibrium position. It is also a manifestation of the power
law stress relaxation phenomena observed by Nutting.3

Example
Since the method introduces unfamiliar notations and

procedures, an example of its application is helpful. We will
demonstrate the process followed in analyzing systems
described by fractional derivatives through the example
depicted in Fig. 2. The tension member is fixed at both ends,
but supported at two interior points by shear dampers,
consisting of pads of a material described by the five-
parameter fractional derivative model. Only longitudinal
motion resulting from forces applied at the nodal points is
considered.

The finite element representation of this system, after
transforming to the Laplace domain, is

s2 [M] [X] + [D(s) ] [X] + [K] [X] = IF] (37)

The mass and stiffness matrices are developed from rod
elements, and the damping matrix is developed from the
nodal force relationship that results when the shear pads are

s2
0.33 0.0825

0.0825 0.33

Fig. 2 Elastic rod supported by elastomeric pads.

described by the five parameter model, i.e.,

Asl/t, 0

0 As2/t2
(38)

The resulting numerical work is simplified by the introduction
of a dimensionless scaled time r defined through

' • t = cr (39)

For this example, 5 will be taken as the dimensionless Laplace
transform parameter corresponding to the dimensionless
time. The scale factor may be incorporated into the damping
and mass matrices to yield

(40)

(41)

M

K

r_PAL \4
6c2

AE
~~L

[i
~ 2

-1

1 ~

4

-1

2

D = l + b ( s / c ) I
.* \ A*i Hi. 0

0 As2/t2
(42)

Damper properties are described by /*0, #7, and b. For
convenience, both fractional derivatives have been taken to be
!/z. Each shear pad is of contact area As, but the thicknesses
tj and t2 are different to insure that the damping matrix is
nonproportional. All rods are of length L, density p, and
cross-sectional area A.

Introducing the following numerical values:

m

P = 1.25xl04kg/m3

> 0 =4x l0 7 N/m 2

and a convenient scale factor,
following system, see Eq. (22)

= 200xl09N/m2

5 N-s' / 2/m2

= 5 x l O ~ 4 s leads to the

s'/'Xl.O + O.ls'72)-1

-2 , 4.

-2

X 2 ( s )
xlO- 8 m/N (43)
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Clearing the Laplace parameter from the denominator of the
damping matrix produces equations in the form of Eq. (25),

0.33 0.0825

0.0825 0.33

2.0 0.0

0.0 1.0
5(0.1)

0.33 0.0825

0.0825 0.33

4.0 -2.0

-2.0 4.0

4.2 -2.0

-2.0 4.01 X2(s)
(44)

The load vector F has been manipulated into a new load
vector Fthrough this process.

The homogeneous equations of motion produce a charac-
teristic value problem

0.03300 0.00825

0.00825 0.03300

0.60 -0.20

-0.20 0.41

0.3300 0.0825

0.0825 0.3300

4.2 -2.0

-2.0 4.01
(45)

where X corresponds to square roots of the Laplace parameter
s. This fifth-order eigenvalue problem for a two degree-of-
freedom system will lead to 10 (complex) eigenvalues X and 10
(complex) eigenvectors {< />} .

We now solve the homogeneous system of the expanded
equations of motion (26) and (27), For this example,

IA2]=

[A4] =

[A5] =

-2.0

4.01

0.60 -0.20

0.20 0.41

0.0 0.0

0.0 0.0

0.3300 0.0835

0.0825 0.3300

0.03300 0.00825

0.00825 0.03300

(46)

(47)

(48)

(49)

(50)

The expanded equations of motion are of order 10, leading to
10 complex eigenvalues and the complex eigenvectors. The
eigenvalues and eigenvectors were found using a modified
form of matrix iteration,l with results as shown in Table 1. As
expected, the complex eigenvalues, and eigenvectors occur in
complex conjugate pairs. One can now return to Eq. (33) and
construct the transform of the response of the structure for a
general loading. The computation of the inverse for the case
of an impulse loading is demonstrated in the Appendix,

The solutions to the homogeneous problem contain much
important information concerning the response of the system.

.040 + /0.0165

Table 1 Eigenvalues and eigenvectors for the example problem

X, = 1.071768 +/1.099794

, = 1.071768-/1.099794

, = -1.073498 +/1.028611

,= -1.073498 -/1.028611

- f L
1 I 1.

2 I' 1.040-/0.0165 J

( 0 3 i = [ ;;
.001 + /Q.0238

\5 = 1.581998 + /1.601989

f = 1.581998 -/1.601989

X7= -1.584631+/1.547150

,= -1.584631 -/1.547150

,= -9.997418 + /0.0

,= - 9.99385+ /0.0

(07i=[_!:!

1.001-/0.0238
1.000 + /0.0000 i

- 0.9713+ /0.0120 3

1.000 + /0.0000 ^

-0.9713 -/0.0120 J

.002 + /0.0240>>

-1.002-/0.0240

1.000 + /0.0

Since the solutions are not in a familiar form, however, the
expected response characteristics may not be recognized in the
numerical results. It is useful to look in the results for what
one would expect to see in the response of a two degree-of-
freedom system. First, we expect to see two eigenvalues and
two eigenvectors corresponding to two normal modes. The
two eigenvalues should correspond to two natural frequen-
cies. If the dampers were not present, the second frequency
should be twice the value of the first. The mode shape
corresponding to the first frequency should indicate in-phase
motion of the nodes and the mode shape for the second
frequency should indicate out-of-phase motion. In addition,
one would expect the response of the system to be described
by real functions of time. With these anticipated charac-
teristics of the physical response in mind, let us return to the
numerical results.

The eigenvalues X were introduced as square roots of the
dimensionless Laplace parameter s. It follows that non-
dimensional eigenvalues correspond to square roots of
dimensionless complex natural frequencies. Squaring the
first, second, fifth, and sixth eigenvalues in Table 1 produces
two conjugate pairs, where each conjugate pair corresponds
to a natural frequency of the system. We find o>7 = Xj
= -0.0609 + /2.357, o>2 = Xf .= -0.0637 + £5.069. It should be
noted that each of these frequencies has been computed with
the frequency-dependent material properties appropriate to
that frequency. The dimensionless frequencies are readily
converted into radians/second by dividing by the scale factor
c. The frequencies are 750 and 1614 cps. For the hypothetical
elastomer used in this example, the magnitude of the modulus
increases 52% over that range. The magnitude of one
frequency is approximately twice the magnitude of the other,
as expected. Since the real parts are small, the system is lightly
damped. The remaining eigenvalues do not denote further
resonances, but describe the nonoscillatory behavior of the
damped structure. These eigenvalues are recognized by the
fact that the phase angle of their squares do not lie in the
range -180<0<180. Thus, the natural frequencies are
predicted and identified.
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The eigenvectors associated with the eigenvalues identifying
resonant behavior, (the first, second, fifth, and sixth) also
occur in conjugate pairs. The first and second eigenvectors
combine to produce the first mode shape and indicate real, in-
phase motion of the nodes. Similarly, the fifth and sixth
eigenvectors combine to produce the second mode shape and
indicates real, out-of-phase motion. The remaining six
eigenvectors combine with the conjugate temporal terms to
show that the nonoscillatory portion of the motion of the
structure is also real.

Conclusion
We conclude that the equations of motion for

viscoelastically damped structures can be constructed and
solved in a reasonably straightforward manner when the
mechanical behavior of the viscoelastic material is portrayed
by the fractional calculus model. The attractiveness of these
models is that they are consistent with the physical principles
and that they accurately describe the mechanical properties of
a variety of materials over wide ranges of frequency. The
small number of empirical parameters needed with these
models facilitates the process of obtaining a least squares fit
to the mechanical properties of the materials and reduces the
effort required to solve the resulting equations of motion.

The fractional calculus approach is an encompassing
method for the analysis of damped structures. The approach
begins with the molecular theory of polymer solids, proceeds
to generate accurate mathematical models for viscoelastic
behavior, results in well-posed equations of motion, and
concludes with closed-form solutions for structures of
engineering interest.

Appendix: Calculation of the Response
of Impulsive Loading

The final step in determining the impulse response of the
structure is to calculate the inverse transform of the Laplace
transform of the response to impulsive loading,

The integrals on the segments of the closed contour are
evaluated for the case where the length of segment 1 is ex-
tended indefinitely in the positive and negative imaginary
directions,

[X(s)}estds= ' [X(s)}estds (A4)

and, as a result, Eq. (A2) becomes
I p 7 + 100 ^

— (X(s)}eads2iri J 7-ico'

1 6

= -y-: D-
(A5)

showing that one need evaluate the right side of Eq. (A5) to
obtain the inverse transform.

To maintain the continuity of the closed contour, the radii
of segments 2 and 6 are increased indefinitely and segments 3
and 5 are extended indefinitely in the negative real direction.
When the radii of contours 2 and 6 are increased indefinitely,
it can be demonstrated that the resulting value of the integrals
along these two segments is zero. Similarly, it can be shown
that the integral along contour 4 goes to zero as the radius of
the contour is decreased indefinitely. The integrals along
contours 3 and 5 are not zero, nor do they add to zero.
Rather,

est[X(s)}ds+ \ est{X(s)}ds
3 J 5

{X(e-i*)}e~rtdr\ (A6)

The residues [bj] are evaluated by using conventional
techniques

bj] = lim ( s - \ J ' ) ( X ( s ) } e s t (Al)

(Al)

The inverse transform integral

(A2)

is evaluated using the residue theorem from the calculus of a
complex variable.

The closed contour of integration, used in conjunction with
the residue theorem, is given in Fig. Al. The contour is
divided into six segments and the direction of integration
along each segment is indicated by the arrows. Segments 3-5
of the contour are required, because the branch cut and
branch point of the function s1/m are taken to be along the
negative real axis and at the origin of the s plane, respectively.

The residue theorem states that the integral along the closed
contour, divided by 27r/, is equal to the sum of the residues of
the poles of the integrand. In this case, the statement of the
residue theorem translates into

2-Kl
{X(s)}es<ds +

(A3)

where the index indicates the contour over which the in-
tegration is to be performed, and { b j } are the residues of the
poles of (X(s)} enclosed by the contour.

For the impulsive load, the result is

(A8)

Since the integrals on contours 2, 4, and 6 are zero, Eqs. (A6)
and (A8) enable the evaluation of Eq. (A5),

-Im/r (X(re-i*)e-rtdr\
7T \J0 /

POSITIVE IMAGINARY AXIS

(A9)

S PLANE

POSITIVE
REAL AXIS

Fig. Al Integration contour for inversion transform.
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Thus, we have obtained the impulse response of the system.
The summation over the index j in the impulse response

[Eq. (A9)] differs from the sum over the index n in Eq. (Al).
The poles of the Laplace transform shown in Eq. (Al) \n are
originally found in the s]/m plane. Since the inverse Laplace
transform is evaluated in the s plane, the transformation \m

must be applied to bring the poles into the s plane. Under the
transformation Xm many of the poles in the X plane map onto
Riemann surfaces not included within the contour of in-
tegration in the s plane. The residues of these poles do not
contribute to the response of the ,system. The index / in the
summation is therefore allowed to assume only those values
corresponding to poles within the closed contour in the s
plane.
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